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We derive medium-induced splitting kernels for energetic partons that undergo interactions in dense 
QCD matter before a hard-scattering event at large momentum transfer Q 2. Working in the framework 
of the effective theory SCETG, we compute the splitting kernels beyond the soft gluon approximation. 
We present numerical studies that compare our new results with previous ﬁndings. We expect the full 
medium-induced splitting kernels to be most relevant for the extension of initial-state cold nuclear mat-
ter energy loss phenomenology in both p+A and A+A collisions.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Initial-state cold nuclear matter (CNM) effects in A+A and in 
particular in p+A collisions have received growing attention in 
recent years [1,2]. Various CNM effects have been discussed exten-
sively in the literature [3–21]. Coherent and incoherent scattering, 
which lead to power corrections in the production cross sections 
and the Cronin effect, are limited to small and moderate transverse 
momenta pT . Nuclear shadowing effects and inelastic multi-parton 
processes in a QCD medium can lead to modiﬁcation of the pro-
duction cross sections for particles and jets at large transverse 
momenta. In particular, the effect of CNM energy loss can be am-
pliﬁed at high mass or pT near the kinematic bounds [15,21]. Here, 
energy loss refers to the medium-induced soft bremsstrahlung pro-
cesses that redistribute part of the energy of fast partons in a 
shower of soft gluons. Generally speaking, this can happen before 
or after the hard-scattering. The beam jets of the incoming nu-
cleon can also lose energy via Bertsch–Gunion bremsstrahlung in a 
process that contributes to the generation of the underlying event 
multiplicity for the hadronic collisions [22].
Renewed interest in CNM effects was sparked by recent experi-
mental results that revealed a large and highly non-trivial nuclear 
modiﬁcation of jet production yields in p+Pb collisions at the 
LHC [23,24], as well as in d+Au at RHIC [25,26]. These nuclear 
modiﬁcations manifested themselves in a suppression of the jet 
production cross section for central collisions, whereas the experi-
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SCOAP3.ments found an enhancement for peripheral collisions. While it is 
not yet clear how much of these effects arise from centrality bias, 
CNM energy loss can contribute to the jet suppression in central 
and semi-central collisions. In particular, the scaling behavior of 
the observed suppression as a function of pT cosh(y) can be un-
derstood in this picture, where y is the rapidity of the observed 
jet. CNM energy loss may also be a non-negligible effect in de-
scribing nuclear modiﬁcations in A+A collisions, even though it 
is suppressed compared to ﬁnal-state energy loss. In the frame-
work of the reaction operator approach [8], CNM energy loss was 
ﬁrst computed in [14] and applied to Drell–Yan production [15]. 
These initial-state energy loss calculations are an extension of the 
Gyulassy–Levai–Vitev approach to energy loss for the ﬁnal state, 
which successfully predicted and described the magnitude, cen-
trality and energy dependence of jet quenching in A+A collisions, 
e.g. see [27,28]. It is certainly of great relevance to theory and 
experiment to further improve the framework of inelastic parton 
scattering in nuclear matter, which we address in this work.
Advances in understanding inelastic parton processes in dense 
QCD matter are enabled by Soft Collinear Effective Theory [29–33]
(SCET) and its extension to accommodate jet propagation in a nu-
clear medium. In recent years SCET has become a valuable tool 
for describing energetic particle and jet production at present-day 
collider experiments [34–41]. An effective theory describing the in-
teraction of collinear partons with a QCD medium, Soft Collinear 
Effective Theory with Glauber gluons (SCETG), was developed in 
[42,43] and theoretical results for the elastic and inelastic soft 
parton scattering processes given in [44–46]. The basic idea is to 
include a “Glauber mode” in the effective theory that describes 
the interaction of energetic partons in matter only by a transverse  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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medium-induced splittings were derived only in the small-x, or 
soft gluon limit. Here, x denotes the large lightcone momentum 
fraction carried away by the emitted parton and x  1 denotes the 
approximation in which non-Abelian energy loss is well deﬁned 
and discussed in the literature. SCETG allows to systematically go 
beyond this approximation to ﬁnite values of x and understand in 
detail the formation of an in-medium parton shower. In [43,45,46]
the full medium-induced splitting kernels were derived for ﬁnal-
state parton showers. They describe the branching processes that 
follow a large Q 2 hard-scattering and result in energetic particles 
and jets seen in the detectors. The obtained full splitting kernels 
have been successfully applied in order to improve the theoretical 
precision of the computation of various observables in A+A col-
lisions, including jet and hadron production cross sections [47,48]
as well as jet cross sections and shapes [49,50]. Applications in 
deep inelastic scattering have been discussed in [51,52]. In this 
work, we derive the analogous ﬁnite-x medium-induced splitting 
kernels for the initial state, relevant to parton shower formation 
in cold nuclear matter. In the future, we plan to extend the ex-
isting CNM energy loss phenomenology using our new results. In 
addition, as was pointed out in Ref. [53], another potential applica-
tion of medium-induced splitting kernels is to derive the medium 
modiﬁcation of jet and beam functions in SCET, by integrating the 
corresponding dense QCD matter splitting functions.
The remainder of this paper is organized as follows. In Sec-
tion 2, we recall the basic framework of SCETG and rederive the 
vacuum splitting kernels. In Section 3, we present our results for 
the full in-medium splitting kernels in the initial state, as well as 
their soft-gluon emission limit. In particular, we point out impor-
tant differences to earlier initial-state results. We present numeri-
cal studies comparing the new splitting kernels with their small-x
approximations in Section 4. Finally, we draw our conclusions in 
Section 5.
2. Theoretical framework
The effective theory SCETG as derived in [43] is based on the 
following Lagrangian
LSCETG (ξn, An, AG) = LSCET(ξn, An)
+LG (ξn, An, AG) , (1)
where the ﬁrst term is the usual SCET Lagrangian [29–32] and the 
second term describes the physical interaction of collinear partons 
with the QCD medium via the exchange of Glauber gluons. The 
explicit form of the Lagrangians as well as the corresponding Feyn-
man rules can be found in [43]. In this work, we present results for 
the initial-state splitting processes q → qg , q → gq, g → gg and 
g → qq¯. Their respective amplitudes are given by
Aq→ab = 〈a(p)b(k)| T ei S χ¯n(x0) |q(p0)〉 ,
Ag→ab = 〈a(p)b(k)| T ei S Bλcn (x0) |g(p0)〉 , (2)
where χ , B are collinear gauge invariant SCET ﬁelds for quarks and 
gluons respectively [54,55] and S is the SCETG action. The partons 
after the splitting are labeled as a, b, which is representative for 
the two possible splittings of a quark or a gluon as listed above. 
The momenta of the involved partons are given in parentheses in 
Eq. (2) and are related by momentum conservation p0 = p +k. The 
parton with momentum k carries away a fraction x = k+/p+0 of 
the energy of the initial parton with momentum p0. In this work, 
we are considering massless partons only. Using the on-shell con-
ditions p20 = k2 = 0, we may parametrize the involved momenta 
asp0 =
[
p+0 ,0,0⊥
]
,
k =
[
xp+0 ,
k2⊥
xp+0
,k⊥
]
,
p = p0 − k =
[
(1− x)p+0 ,
−k2⊥
xp+0
,−k⊥
]
, (3)
where we have adopted the following notation for light-cone four-
vectors q = [q+, q−, q⊥] = [n¯ · q, n · q, q⊥] for any vector q and 
nμ = (1,0,0,1), n¯μ = (1,0,0,−1). Note that in Eqs. (3), we have 
chosen the positive light-cone direction along the momentum di-
rection of the parent parton.
Using only the SCET Lagrangian, we can reproduce again the 
results for the vacuum leading-order Altarelli–Parisi splitting ker-
nels [56]. As in [45], we obtain
(
dN
dxd2k⊥
)
q→qg
= αs
2π2
CF
1+ (1− x)2
x
1
k2⊥
, (4)
(
dN
dxd2k⊥
)
g→gg
= αs
2π2
2CA
(1− x
x
+ x
1− x
+ x(1− x)
) 1
k2⊥
, (5)
(
dN
dxd2k⊥
)
g→qq¯
= αs
2π2
TR
(
x2 + (1− x)2
) 1
k2⊥
, (6)
(
dN
dxd2k⊥
)
q→gq
=
(
dN
dxd2k⊥
)
q→qg
(x → 1− x). (7)
In this work, we are only considering real splitting processes away 
from the endpoints at x = 1 and x = 0. However, in future phe-
nomenological applications, we are going to employ generalized 
QCD evolution techniques using the in-medium initial-state split-
ting kernels. An analogous technique for the ﬁnal-state splitting 
kernels was used in [47,48] for studies of jet quenching phe-
nomenology in A+A collisions. In this context, the in-medium vir-
tual contributions (at x = 0 in our notation) were derived from 
momentum and ﬂavor sum rules satisﬁed by the splitting kernels. 
The same techniques can be used for the initial-state splitting ker-
nels.
3. Initial-state parton splittings
In Ref. [43], it was shown that a particularly simple gauge 
choice for calculations of jets in the medium is the so-called hy-
brid gauge. In this gauge the collinear gluons are treated in the 
light-cone gauge, while the Glauber gluons are treated in the co-
variant gauge. With this choice both the collinear Wilson line as 
well as the transverse gauge link which appear in the effective 
theory reduce to unity. This choice simpliﬁes our calculations con-
siderably. In order to compute the splitting kernels to ﬁrst order 
in opacity, we need to consider single- and double-Born diagrams. 
The topology of the relevant diagrams for initial-state splitting pro-
cesses is shown in Fig. 1. In the ﬁrst line of Fig. 1, the single-Born 
diagrams are shown, which have to be squared. In the second row, 
the non-zero double-Born diagrams are shown which appear as in-
terference terms with the vacuum Born amplitude.
We now present our results for the initial-state in-medium 
splitting kernels, which constitutes the main result of this paper. In 
order to simplify our notation, we deﬁne the following two dimen-
sional transverse vectors A⊥ , B⊥ , C⊥ and phases 1,2,3 similar to 
the notation in [43,45]
708 G. Ovanesyan et al. / Physics Letters B 760 (2016) 706–712Fig. 1. Feynman diagrams contributing to the initial-state medium-induced splittings 
kernels at ﬁrst order in opacity. Red lines correspond to the exchange of Glauber 
gluons with the medium. The kinematics and topology are common to all splitting 
processes: q → qg , q → gq, g → gg , g → qq¯. (For interpretation of the references to 
color in this ﬁgure legend, the reader is referred to the web version of this article.)
A⊥ = k⊥, B⊥ = k⊥ − xq⊥,
C⊥ = k⊥ − q⊥,
1 − 2 = B
2⊥
x(1− x)p+ , 3 =
A2⊥
x(1− x)p+ , (8)
where q⊥ is the transverse momentum of the partons obtained 
due to Glauber gluon exchange with the medium. For the two 
splitting processes q → qg and q → gq, we obtain(
dN
dxd2k⊥
)
q→qg
= CF αs
2π2
1+ (1− x)2
x
∫
dz
λg(z)
d2q⊥
1
σel
dσel
d2q⊥
×
[
B⊥
B2⊥
·
(
B⊥
B2⊥
− C⊥
C2⊥
)
(1− cos[(1 − 2)	z])
+ 1
C2⊥
− 1
A2⊥
+ A⊥
A2⊥
·
(
A⊥
A2⊥
− C⊥
C2⊥
)
(1− cos[3	z])
− 1
N2c
B⊥
B2⊥
·
(
B⊥
B2⊥
− A⊥
A2⊥
)
(1− cos[(1 − 2)	z])
]
, (9)
(
dN
dxd2k⊥
)
q→gq
= CF αs
2π2
1+ x2
1− x
∫
dz
λq(z)
d2q⊥
1
σel
dσel
d2q⊥
×
[
2
B⊥
B2⊥
·
(
B⊥
B2⊥
− C⊥
C2⊥
)
(1− cos[(1 − 2)	z])
+ 1
C2⊥
− 1
A2⊥
+ 2N
2
c
N2c − 1
(
A⊥
A2⊥
− C⊥
C2⊥
)
·
(
A⊥
A2⊥
(1− cos[3	z])
− B⊥
B2⊥
(1− cos[(1 − 2)	z])
)]
. (10)
Here, λg,q(z) is the scattering length of a gluon or quark in the 
medium respectively, which are related by λq/λg = CA/CF to low-
est order. Furthermore, we need to take the integral over the inter-
action region 0 < 	z < L, where L is the size of the QCD medium and (1/σel) dσel/d2q⊥ is the normalized in-medium elastic scat-
tering cross section. Note that independent of the parton type, the 
elastic cross section is dominated by t-channel gluon exchange at 
high energies.
Similar to the ﬁnal-state results, the two splitting kernels for 
the processes g → gg and g → qq¯ differ only by their respective 
color factors and the overall vacuum splitting kernel(
dN
dxd2k⊥
){
g → gg
g → qq¯
}
=
{
αs
2π2
2CA
(
x
1−x + 1−xx + x(1− x)
)
αs
2π2
TR
(
x2 + (1− x)2)
}
×
∫
d	z
{ 1
λg(z)
1
λq(z)
}∫
d2q⊥
1
σel
dσ mediumel
d2q⊥
×
[(
2
B⊥
B2⊥
− A⊥
A2⊥
− C⊥
C2⊥
)2
+ 2
(
A⊥
A2⊥
+ C⊥
C2⊥
)
·
(
B⊥
B2⊥
− A⊥
A2⊥
)
− 2 B⊥
B2⊥
·
(
2
B⊥
B2⊥
− A⊥
A2⊥
− C⊥
C2⊥
)
cos[(1 − 2)	z]
+
⎧⎨
⎩
− 12
1
N2c −1
⎫⎬
⎭
(
2
B⊥
B2⊥
·
(
2
B⊥
B2⊥
− A⊥
A2⊥
− C⊥
C2⊥
)
× (1− cos[(1 − 2)	z])
− 2 A⊥
A2⊥
·
(
A⊥
A2⊥
− C⊥
C2⊥
)
(1− cos[3	z])
)]
. (11)
All four initial-state splitting kernels presented here are propor-
tional to their vacuum counter parts. This feature is shared with 
the ﬁnal-state in-medium splitting kernels. Note that in the vac-
uum, we can obtain the splitting kernel q → gq from q → qg by 
substituting x → 1 − x, cf. Eq. (7). In [45], it was found that also 
the ﬁnal-state in-medium splitting kernels possess this symme-
try. In addition, both g → gg and g → qq¯ are symmetric under 
x → 1 − x. As it turns out, this is not the case anymore for the 
initial-state in-medium splitting kernels at the differential level. 
Our results for the splitting processes q → qg and q → gq are not 
related via x → 1 − x and the results presented here for g → gg
and g → qq¯ are not invariant under the transformation x → 1 − x. 
This somewhat surprising asymmetry can be traced back to the 
fact that for an initial-state splitting process one of the partons 
is off-shell after the splitting. For ﬁnal-state splitting kernels, both 
outgoing partons are on-shell. In the medium, we obtain different 
splitting kernels depending on which ﬁnal-state parton is off-shell. 
That being said, we do ﬁnd that in the case of the inﬁnite limits of 
the integrations in the variables k⊥ , q⊥ , the fully inclusive initial-
state splitting kernels do obey the same x → 1 − x symmetries as 
in the vacuum and for the ﬁnal-state splitting kernels. To see this 
analytically, consider the transformation1 x → 1 − x, q⊥ → −q⊥ , 
k⊥ → k⊥ − q⊥ , which effectively is equivalent to A⊥ ↔ C⊥ and 
B⊥ → B⊥ . The ﬁnite phase space cuts break this symmetry for the 
inclusive initial-state splitting kernels only very close to x = 0 and 
x = 1.
1 In addition to this transformation it is essential that the follow-
ing integral vanishes exactly with the inﬁnite limits of integration: ∫
d2q⊥d2k⊥ 1σel
dσ mediumel
d2q
(
1
C2
− 1
A2
)
= 0.⊥ ⊥ ⊥
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proach to CNM energy loss of [14], we take the small-x limit,2
x  1, of our full results in Eqs. (9)–(11). Using A⊥ = B⊥ = k⊥ ,
C⊥ = k⊥ − q⊥ and 1 − 2 = 3 = k2⊥/(xp+0 ), we ﬁnd
x
(
dN
dxd2k⊥
)⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
q → qg
g → gg
g → qq¯
q → gq
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
= αs
π2
⎧⎪⎪⎨
⎪⎪⎩
CF [1+O(x)]
CA[1+O(x)]
TR [0+ x2 +O(x2)]
CF [0+ x2 +O(x2)]
⎫⎪⎪⎬
⎪⎪⎭
×
∫
d	z
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
1
λg(z)
1
λg(z)
1
λq(z)
1
λq(z)
⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭
∫
d2q⊥
1
σel
dσ mediumel
d2q⊥
×
[
q2⊥
k2⊥(k⊥ − q⊥)2
− 2 q
2⊥ − k⊥·q⊥
k2⊥(k⊥ − q⊥)2
cos
(
k2⊥
xp+0
	z
)]
. (12)
Note that the two diagonal splitting kernels q → qg and g → gg
agree with the results in [14]. The off-diagonal splitting kernels for 
the processes q → gq and g → qq¯ are of order O(x) and, hence, 
vanish for x → 0. They are not taken into account in the tradi-
tional approach to CNM energy loss. However, we use their O(x)
expressions for numerical comparisons between the full-x and SGA 
approximation of the splitting kernels in the next Section 4. Note 
that the structure of the overall factors in the curly brackets of (12)
is identical with the one found for the ﬁnal-state splitting kernels 
in [45].
Certain features of our results can be elaborated upon to fur-
ther point out the difference to the Bertsch–Gunion case, where a 
parton never undergoes hard-scattering and propagates down the 
collider beam line. Sometimes those partons are also referred to 
as beam jets, and the observable effects are produced soft parti-
cles which, up to kinematic effects, are uniformly distributed in 
rapidity. Instead, in this work, we are considering the case of an 
active parton that undergoes a hard-scattering and our splitting 
functions take into account emissions before that hard-scattering 
event. Considering our results in Eqs. (9)–(11) and Eq. (12) in the 
limit of large separation 	z 	 τ f , greater than any relevant for-
mation time in the problem, the cosine terms oscillate rapidly and 
average to zero. This gives a Bertsch–Gunion splitting, which is par-
ticularly easy to see in the soft gluon emission limit. Conversely, 
when 	z → 0 and the separation is smaller than any relevant 
formation time in the problem, there is a cancellation of the split-
ting probabilities and the interference is exactly destructive. In this 
regime, which we refer to as the fully coherent regime, the hard 
scattered parton does not contribute to soft particle production, 
whereas beam jets do. Away from the fully coherent regime, the 
active parton initiates a medium-induced shower which affects 
the cross section for the hard process. It is important to better 
understand the interplay between active partons and the Bertsch–
Gunion case/beam jets and our work is a step in this direction.
Finally, we also would like to point out that at very low trans-
verse momenta or virtualities non-perturbative effects set in. Their 
leading power behavior is equivalent to that of an effective mass 
meff in the transverse momentum propagators and interference 
phases. For ﬁnal-state splitting kernels it is given by thermal 
masses and it is related to the root mean square of the momentum 
transfer. Instead, for the initial-state splitting kernels we follow 
2 Which we will also sometimes call the soft gluon approximation (SGA).previous treatments and take it to be of the order of the nucleon 
mass meff = mN = 0.94 GeV for CNM energy loss [14]. The mass 
can be thought of as a regulator of the non-perturbative regime 
when k⊥ or the virtuality become very small. In cold nuclear mat-
ter, we are motivated by vector dominance models which informed 
calculations of coherent power corrections for deep inelastic scat-
tering (DIS) in order to describe the saturation of shadowing at 
small virtualities [57]. We take this effect into account by sub-
stituting |k⊥|2 → |k⊥|2 + m2eff for all in-medium splitting kernels 
for ﬁnite-x in Eqs. (9)–(11) as well as for the small-x results in 
Eq. (12). This suppresses the splittings for Q < mN and we note 
that this is analogous to the vacuum case where the perturbative 
evolution stops at Q 0 ∼ 1 GeV. In order to obtain the intensity-
spectra x(dN/dx), we still need to perform the integrals over d2k⊥ , 
d2q⊥ and d	z. The ﬁnal-state splitting kernels presented in [45]
allowed an analytical integration using certain assumptions. Due to 
the complication with the effective masses this is not possible for 
the initial-state splitting kernels. Instead, we will perform the re-
maining integrations numerically in the next Section 4. Finally, we 
note that unlike the ﬁnal-state splitting kernels which are ﬁnite in 
the limit meff = 0, this is not the case for the initial-state splitting 
kernels that are logarithmically divergent in the mass. This is true 
both in the ﬁnite-x and SGA limit [14].
4. Numerical results
In this Section, we analyze numerically the effect of our newly 
derived initial-state splitting kernels at ﬁnite-x compared to the 
small-x kernels used in the traditional energy loss approach. We 
start with the assumption of no phase space cuts, which we relax 
afterwards. In addition, we also analyze the energy dependence of 
the intensity spectra x(dN/dx). We also would like to stress that 
our numerical results are obtained without imposing any positivity 
constraints on the splitting kernels x(dN/dx/d2k⊥) ≥ 0 as it was 
done for the small-x results in [14].
Throughout this Section, we assume that the scattering length 
λq,g for quarks and gluons is independent of the position 	z. 
This assumption corresponds to a uniform non-expanding QCD 
medium. For deﬁniteness, we choose the following numerical val-
ues for the medium parameters: αs = 0.3 for the strong coupling 
constant, λg = 1 fm for the gluon mean free path, meff = 0.94 GeV
for the parton mass acquired in the medium and L = 5 fm for the 
size of the medium.
We start by considering no additional phase space cuts for the 
d2k⊥ , d2q⊥ integrals, hence, we perform the integration up to in-
ﬁnity. In addition, we neglect recoil effects in the medium which 
allows us to write the elastic scattering cross section as
1
σel
dσel
d2q⊥
= μ
2
π(q2⊥ + μ2)2
, (13)
where μ is the momentum transfer. In Fig. 2, we present numer-
ical results for the intensity spectra x(dN/dx) for all four split-
ting kernels. We choose a parent parton energy of E0 = p+0 /2 =
100 GeV and we plot the results for three different values of 
the momentum transfer μ = 0.1, 0.3, 0.5 GeV (red, green, blue). 
The momentum transfer scale is chosen to correspond to the one 
used in DIS calculations of coherent power corrections and we ex-
plore a 	μ = 0.2 GeV variation around it. We further ensure that 
E0 	 μ, mN since our experience with the soft gluon limit shows 
that higher order contributions in opacity are suppressed [58]. We 
show both the ﬁnite-x results (solid) as well as the small-x re-
sults (SGA, dashed). Note that the intensity spectra for the diagonal 
splitting kernels remain ﬂat for small-x, whereas the off-diagonal 
ones fall off linearly on the logarithmic scale used for the plots in 
710 G. Ovanesyan et al. / Physics Letters B 760 (2016) 706–712Fig. 2. The ﬁnite-x (solid) and small-x (dashed) intensity spectra x(dN/dx) for all four splitting kernels are shown using inﬁnite phase space cuts. Note, that in the soft gluon 
approximation (SGA) the curves on the bottom two panels are the O(x) corrections since to leading power in x the off-diagonal splittings vanish. We chose a parent parton 
energy of E0 = 100 GeV and three different values of the momentum transfer μ = 0.1, 0.3, 0.5 GeV (red, green, blue) using certain assumptions as described in the text. 
(For interpretation of the references to color in this ﬁgure, the reader is referred to the web version of this article.)Fig. 2. As expected, we ﬁnd that our new results differ the most 
from the small-x approximations at large values of x. The differ-
ence between the ﬁnite- and small-x intensity spectra changes sign 
for both processes q → qg and g → qq¯. One clearly notices that the 
intensity spectra depend on the momentum transfer μ for both 
ﬁnite- and small-x. Focusing on the small-x part, we ﬁnd approx-
imate μ2 dependence, which is also the case for the ﬁnal-state 
splitting intensities. The general size of the ﬁnite-x corrections are 
comparable to those found in [45] for the ﬁnal state. One notices 
soft oscillations of the intensity spectra which are indeed physical 
and not a numerical artifact. They can be traced back to the cosine 
functions that appear in Eqs. (9)–(11) and (12). Note that for all 
g → qq¯ plots in this section, we do not include a prefactor of N f , 
which would show up for any physical applications of the splitting 
functions. In addition, we would like to point out that the numeri-
cally divergent part at x → 1 in the splitting functions g → gg and 
q → gq is regulated by the structure of the convolution equations 
among the splitting functions and fragmentation or parton distri-
bution functions (or beam functions and jet functions). The way in 
which they enter a physical quantity is 
∫ 1−z
0 dxPi→ jk(x) · · · using 
our convention, where x denotes the momentum fraction of the 
radiated parton. Such a convolution ensures that for any ﬁnite z in 
the quantity of interest e.g. f (z), D(z), the equations are evaluated 
away from x = 1. The divergence at x = 1 in our notation arises 
from symmetries in/between splitting functions. Physically, it is re-
lated to helicity ﬂip processes when the daughter parton takes the 
larger fraction of the collinear momentum. This is calculated for 
the ﬁrst time in this work and cannot be obtained using the soft 
gluon emission limit/spinless approximations. The same behavior 
can be found in the vacuum Altarelli–Parisi splitting functions.
In order to check the validity of our numerical integration for 
the inclusive spitting kernels we performed the following con-
sistency check for the case of no cuts. Firstly, we performed all 
ﬁve integrations, d2k⊥ , d2q⊥ and d	z, numerically and secondly, we performed four out of the ﬁve integrations analytically and 
only one numerically. For all four splitting kernels we found per-
fect agreement between these two methods for the entire range 
x ∈ (0, 1).
In Fig. 3, we ﬁx the energy and the momentum transfer to 
E0 = 100 GeV and μ = 0.3 GeV respectively. In these plots, we 
study the effects of applying physical phase space cuts instead of 
the inﬁnite phase space cuts employed in Fig. 2. The results for 
the intensity spectra x(dN/dx) for all four full splitting kernels are 
shown. We use an upper limit kmax = E0√x(1− x) and for the mo-
mentum q, we show the results for two different choices qmax =√
2E0μ (dashed olive) and qmax = √E0μ/2 (dotted magenta). The 
reference results for inﬁnite phase space cuts are shown in solid 
black. We ﬁnd sizable differences of the same order for all four 
splitting processes. The effects for the off-diagonal ones q → gq
and g → qq¯ seem less pronounced only due to the larger scale 
span on the vertical axis. In addition, we note that ﬁnite phase 
space cuts affect the results of the intensity spectra for all values x. 
This is similar to the ﬁnal-state splitting intensities in [45].
Finally, we show the energy dependence of the intensity spectra 
in Fig. 4. We use again inﬁnite phase space cuts as in Fig. 2 and we 
ﬁx the momentum transfer as μ = 0.3 GeV. For all four full split-
ting kernels, we show three different results for the energies of 
the parent parton E0 = 0.1 TeV (solid black), E0 = 1 TeV (dashed 
olive), E0 = 10 TeV (dotted magenta). From these ﬁgures, we con-
clude that the probability for ﬂavor changing processes q → gq, 
g → qq¯ is signiﬁcant for intermediate to large-x. Taking a closer 
look at the plots and now using N f = 5 quark ﬂavors, we ﬁnd 
that they contribute at the order of 3% for a gluon parent parton 
and 100% for a quark parent parton. In addition, we note that this 
statement holds for all energies E0 shown in Fig. 4. The effect of 
energy redistribution within an initial-state medium induced par-
ton shower of moderate and small momentum fractions x would 
be most relevant for experiments at relatively low energies, such 
as ﬁxed target experiments as well as collider experiments at RHIC. 
G. Ovanesyan et al. / Physics Letters B 760 (2016) 706–712 711Fig. 3. Comparison of the intensity spectra x(dN/dx) with (olive, magenta) and without (solid black) physical phase space cuts for all four full splitting kernels. We show the 
results for kmax = E0√x(1− x), whereas two possible choices of cuts for the momentum q are shown qmax = √2E0μ (dashed olive) and qmax = √E0μ/2 (dotted magenta). 
We show the results for an energy of E0 = 100 GeV and a momentum transfer of μ = 0.3 GeV. (For interpretation of the references to color in this ﬁgure, the reader is 
referred to the web version of this article.)
Fig. 4. The intensity spectra x(dN/dx) for all four full splitting kernels for three different energies of the parent parton: E0 = 0.1 TeV (solid black), E0 = 1 TeV (dashed olive), 
E0 = 10 TeV (dotted magenta). (For interpretation of the references to color in this ﬁgure, the reader is referred to the web version of this article.)At very high energies Bertsch–Gunion type bremsstrahlung from 
beam jets [22,59] is expected to play a dominant role. This is 
the case where there is no distinct separation between the scale 
of hard scattering Q 2 and momentum exchange in the medium 
μ2L/λ. Interference between initial-state and ﬁnal-state radiation 
was also considered in [60].5. Conclusions
There is signiﬁcant renewed interest in understanding cold nu-
clear matter effects in reactions with nuclei over a wide range 
of ﬁxed target and collider energies. So far, soft inelastic parton 
scattering has been primarily treated in the traditional energy loss 
712 G. Ovanesyan et al. / Physics Letters B 760 (2016) 706–712approach. Here, we extended the calculation of parton splitting in 
cold nuclear matter beyond the soft gluon approximation using the 
effective theory SCETG and presented ﬁnite-x initial-state splitting 
kernels to ﬁrst order in opacity. In addition, we studied the numer-
ical impact of our newly derived full splitting kernels and found 
sizable differences to previous results in the literature based on 
the soft-gluon approximation. We also found that employing the 
correct physical phase space cuts has an important effect for the 
intensity spectra x(dN/dx) for all values of x. With the initial-state 
splitting functions at hand, a consistent extension of the traditional 
approach to energy loss in the QCD medium can be achieved that 
takes into account in-medium corrections. An analysis of the effect 
of the full splitting functions for physical observables is left for fu-
ture work. We plan to study several phenomenological applications 
in both p+A and A+A collisions. In addition, we will extend the 
calculations presented in this work to heavy quarks for both ini-
tial and ﬁnal states. Finally, we also plan to derive the in-medium 
splitting functions up to second order in opacity. We anticipate 
that future research will result in improved applications of such 
splitting kernels in QCD heavy ion phenomenology.
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